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This talk presents general sufficient conditions for the existence of stationary
optimal policies for discounted and average-reward Markov Decision Process with
Borel state sets and with weakly continuous transition probabilities. The results
for average costs per unit time extend Scäl’s [10] sufficient conditions for the ex-
istence of stationary optimal policies to problems with noncompact actions sets.
For setwise continuous transition probabilities, similar results were established in
Scäl [10] for compact action sets and extended in Hernández-Lerma [5] to general
action sets. This talk is based on Feinber, Kasyanov and Zadoianchuk [2].

Consider a discrete-time MDP (X,Y,Φ, q, u) with a state space X, an action
space Y, one-step costs u, and transition pobabilities q. The terminology is the
same as in [2, 4] and references therein. Assume that X and Y are Borel subsets
of Polish (complete separable metric) spaces. For a topological space U we denote
by B(U) its Borel σ-field. For all x ∈ X a nonempty Borel subset Φ(x) of Y
represents the set of actions available at x. Assume also that GrX(Φ) = {(x, y) :
x ∈ X, y ∈ Φ(x)} is a measurable subset of X × Y, that is, GrX(Φ) ∈ B(X × Y),
where B(X×Y) = B(X)⊗B(Y); and there exists a measurable mapping φ : X→ Y
such that φ(x) ∈ Φ(x) for all x ∈ X. The one step cost, u(x, y) ≤ +∞, for choosing
an action y ∈ Φ(x) in a state x ∈ X, is a bounded below measurable function on
GrX(Φ). Let q(B|x, y) be the transition kernel representing the probability that
the next state is in B ∈ B(X), given that the action y is chosen in the state x. This
means that q(·|x, y) is a probability measure on (X,B(X)) for all (x, y) ∈ GrX(Φ);
and q(B|·, ·) is a Borel function on (GrX(Φ),B(GrX(Φ))) for all B ∈ B(X).

Let GrZ(Φ) = {(x, y) ∈ Z × Y : y ∈ Φ(x)}, where Z ⊆ X. For a topological
space U, we denote by K(U) the family of all nonempty compact subsets of U.

For an R-valued function f , defined on a nonempty subset U of a topological
space U, consider the level sets Df (λ;U) = {y ∈ U : f(y) ≤ λ}, λ ∈ R. We recall
that a function f is lower semi-continuous (l.s.c.) on U if all the level sets Df (λ;U)
are closed, and a function f is inf-compact on U (lower semi-compact cf. [12]) if
all these sets are compact.

Definition 1. A function u : X × Y → R is called K-inf-compact on GrX(Φ),
if for every K ∈ K(X) this function is inf-compact on GrK(Φ).

We set Φ#(x) = {y ∈ Φ(x) : v(x) = u(x, y)}. The first statement of the follow-
ing theorem extends the well-known Berge’s theorem of the minimum [1, Theorem
2, p. 116] or [7, Proposition 3.3, p. 83] to noncompact image (or decision) sets.
The proofs and additional details can be found in [3].
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Theorem 1. If the function u : X × Y → R is K-inf-compact on GrX(Φ),
then the function v : X → R is l.s.c. If moreover u is a continuous function on
GrX(Φ) and Φ : X → 2Y \ ∅ is l.s.c., then the function v is continuous on X and
the solution multifunction Φ# : X → K(Y) has a closed graph. Additionally, if Φ
is upper semi-continuous (u.s.c.), then Φ# is u.s.c.

The following lemma provides a useful criterium for K-inf-compactness of u
on GrX(Φ), when the spaces X and Y are metrizable. In this form the K-inf-
compactness assumption is introduced in Feinberg, Kasyanov and Zadoianchuk [2]
as Assumption (W∗)(ii).

Lemma 1. Let X and Y be metrizable spaces. Then u is K-inf-compact on
GrX(Φ) if and only if the following two conditions hold: (i) u is l.s.c. on GrX(Φ);
(ii) if a sequence {xn}n≥1 with values in X converges and its limit x belongs to X
then any sequence {yn}n≥1 with yn ∈ Φ(xn), n ≥ 1, satisfying the condition that
the sequence {u(xn, yn)}n≥1 is bounded above, has a limit point y ∈ Φ(x).

We also suppose the following assumption that implies the existence of station-
ary optimal policies for discounted MDPs.

Assumption (W∗). (i) u is bounded below and K-inf-compact on GrX(Φ); (ii)
the transition probability q(·|x, y) is weakly continuous in (x, y) ∈ GrX(Φ).

Weak continuity of q in (x, y) means that
∫
X f(z)q(dz|xk, yk)→

∫
X f(z)q(dz|x, y),

k → +∞, for any sequence {(xk, yk), k ≥ 1} converging to (x, y), where (xk, yk),
(x, y) ∈ GrX(Φ), and for any bounded continuous function f : X→ R.

Denote the class of all l.s.c. and bounded below functions ϕ : X → R with
domϕ := {x ∈ X : ϕ(x) < +∞} 6= ∅ by L(X). Let F be a family of Borel
mappings φ : X→ Y such that φ(x) ∈ Φ(x) for all x ∈ X.

An important consequence of Assumption (W∗) is that it implies that F con-
tains suitable “minimizers”. The following lemma is useful for establishing continu-
ity properties of the value functions; for later relevant results see Feinberg et al. [2].
The proof of this lemma follows from Theorem 1 and from the Arsenin-Kunugui
theorem (Kechris [8, p. 297]).

Lemma 2. If Assumption (W∗) holds and u ∈ L(X), then the function (x, y)→
u(x, y) +

∫
X u(z)q(dz|x, y) is K-inf-compact on GrX(Φ) and the nonempty sets

Φ∗(x) =

{
y ∈ Φ(x) : u∗(x) = u(x, y) +

∫

X
u(z)q(dz|x, y)

}
, x ∈ X, (1)

satisfy the following properties: (a) GrX(Φ∗) is a Borel subset of X × Y; (b) if
u∗(x) = +∞, then Φ∗(x) = Φ(x), and, if u∗(x) < +∞, then Φ∗(x) is compact.

As usual a policy is a sequence π = {πn}n=0,1,... of decision rules (cf. [2, 4]
and references therein), where for each n = 0, 1, ... πn(·|hn) is a conditional prob-
ability on (Y;B(Y)), given the history hn = (x0, y0, x1, y1, ..., yn−1, xn), satisfying
πn(Φ(xn)|hn) = 1. The class of all policies is denoted by Π. Moreover, π is called
nonrandomized, if each probability measure πn(·|hn) is concentrated at one point.
A nonrandomized policy is called Markov, if all of the decisions depend on the cur-
rent state and time only. A Markov policy is called stationary, if all the decisions
depend on the current state only. Thus, a Markov policy π is defined by a sequence
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φ0, φ1, . . . of Borel mappings φn ∈ F. A stationary policy π is defined by a Borel
mapping φ ∈ F.

For a policy π, given initial state x0 = x ∈ X, for a finite horizon N ≥ 0 let us

define the expected total discounted costs vπN,α := Eπx
N−1∑
n=0

αnu(xn, yn), x ∈ X, where

α ≥ 0 is the discount factor and vπ0,α(x) = 0. When N = ∞ and α ∈ [0, 1), vπN,α
defines an infinite horizon expected total discounted cost denoted by vπα(x). The
average cost per unit time is defined as wπ(x) := lim sup

N→+∞
1
N v

π
N,1(x), x ∈ X. For any

function 4π(x), including 4π(x) = vπN,α(x), 4π(x) = vπα(x), and 4π(x) = wπ(x),
define the optimal cost 4(x) := inf

π∈Π
4π(x), x ∈ X. A policy π is called optimal for

the respective criterion, if 4π(x) = 4(x) for all x ∈ X. For 4π = vπn,α, the optimal
policy is called n-horizon discount-optimal ; for 4π = vπα, it is called discount-
optimal ; for 4π = wπ, it is called average-cost optimal [2, 4, 5, 6, 10]. These
definitions of optimality are standard.

Assumption (B). (a) w∗ := inf
x∈X

w(x) <∞, (b) lim inf
α↑1

uα(x) <∞ ∀x ∈ X.

Assumption (B)(a) is equivalent to the existence of x ∈ X and π ∈ Π with
wπ(x) <∞. If Assumption (B)(a) does not hold then the problem is trivial, because
w(x) =∞ for all x ∈ X and any policy π is average-cost optimal.

To state the main result we also need the following notation [10]: for α ∈ [0, 1):
mα = inf

x∈X
vα(x), uα(x) = vα(x)−mα, w = lim inf

α↑1
(1−α)mα, w = lim sup

α↑1
(1−α)mα.

Observe that uα(x) ≥ 0 for all x ∈ X. Schäl [10, Lemma 1.2] and Assumption (B)(a)
implies 0 ≤ w ≤ w ≤ w∗ < +∞. According to Schäl [10, Proposition 1.3], under
Assumption (B)(a), if there exists a measurable function g : X → [0,+∞) and a
stationary policy φ such that w + g(x) ≥ u(x, φ(x)) +

∫
X g(z)q(dz|x, φ(x)), x ∈ X,

then φ is average-cost optimal and w(x) = w∗ = w = w for all x ∈ X. Here we need
a different form of such a statement.

Theorem 2. Let Assumption (B)(a) holds. If there exists a measurable func-
tion g : X→ [0,+∞) and a stationary policy φ such that

w + g(x) ≥ u(x, φ(x)) +

∫

X
g(z)q(dz|x, φ(x)), x ∈ X, (2)

then φ is average-cost optimal and

w(x) = wφ(x) = lim sup
α↑1

(1− α)vα(x) = w = w∗, x ∈ X. (3)

Assumption (W∗) and “boundedness” Assumption (B) on the function uα, which
is weaker than the boundedness Assumption (B) introduced by Schäl [10], lead
to the validity of stationary average-cost optimal inequalities and the existence of
stationary policies.

Let us set Φ∗(x) :=
{
y ∈ Φ(x) : w + u(x) ≥ u(x, y) +

∫
X u(z)q(dz|x, y)

}
, u(x) :=

lim inf
α↑1, z→x

uα(z), x ∈ X, and let Φ∗(x), x ∈ X, be the sets defined in (1) for this func-

tion u; Φ∗(x) ⊆ Φ∗(x).
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Theorem 3. Suppose Assumptions (W∗) and (B) hold. There exist a sta-
tionary policy φ satisfying (2). Thus, equalities (3) hold for this policy φ. Further-
more, the following statements hold: (a) the function u : X → R+ is l.s.c.; (b)
the nonempty sets Φ∗(x), x ∈ X, satisfy the following properties: (b1) the graph
GrX(Φ∗) is a Borel subset of X×Y; (b2) for each x ∈ X the set Φ∗(x) is compact; (c)
a stationary policy φ is optimal for average costs and satisfies (2), if φ(x) ∈ Φ∗(x)
for all x ∈ X; (d) there exists a stationary policy φ with φ(x) ∈ Φ∗(x) ⊆ Φ∗(x) for
all x ∈ X; (e) if, in addition, u is inf-compact on GrX(Φ), then the function u is
inf-compact.
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