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1. Theory of repeated games essentially motivated by studies on biological adaptation and economic behavior concentrates on analyses of long-term dynamics in
societies of repeatedly interacting agents (players), which follow their individual
boundedly rational behavior strategies (see, e.g., [1] – [6]). If the players are allowed to choose their boundedly rational behavior strategies within given sets,
their mutually acceptable choices are naturally associated with the behavior strategies forming a game-theoretic equilibrium with respect to the players’ individual
long-term performance criteria. Long-term equilibria in repeated games with nonspecified deterministic behavior strategies were defined in [7].
In this paper, we focus on infinite repeated bimatrics games with non-specified
stochastic behavior starategies, in which the expectations of the players’ benefits
averaged over the game rounds (the players’ expected avaraged benefits) serve as
the players’ long-term performance criteria.
First, we provide conditions sufficient for a (Nash) equilibrium pair of the players’ behavior strategies to exist within given sets of the players’ admissible behavior
strategies; the conditions require in particular that all the players’ admissible behavior strategies are strictly randomized, and the sets of the players’ admissible
behavior strategies satisfy an appropriate convexity assumption.
Next, we consider a particular infinite repeated 2 × 2-bimatrix game with nonspecified behaviour strategies. We depart from coupling the players’ particular,
’traditional’ deterministic boundedly rational behavior strategies – the ’best reply’
ones. Then we allow the players to choose their stochastic behavior strategies in
’neigborhoods’ of the ’traditional’ ones and characterize the equilibrium behavior
strategies. In particular, we find that the equilibrium behavior strategies differ
from the ’traditional’ deterministic ones and have necessarily non-trivial stochastic
components.
The paper incorporates results of [8] – [10].
2. We start off with a bimatrix game given by benefit matrices A = (aij )i∈X1 ,j∈X2
and B = (bij )i∈X1 ,j∈X2 where X1 = {1, . . . , n}, X2 = {1, . . . , m} with some natural
n and m; here the row index, i ∈ X1 , and column index, j ∈ X2 , stand for pure
strategies of player 1 and player 2, respectively; and aij and bij denote, respectively,
the benefits player 1 and player 2 receive provided they use their pure strategies i
and j, respectively. As usual, we understand mixed strategies of players 1 and 2 as
probability measures on the sets of their pure strategies, X1 and X2 , respectively.
We define behavior strategies of player 1 and player 2 as arbitrary maps of
X1 × X2 into the sets of all mixed strategies of players 1 and 2, respectively. Given
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an initial pair of the players’ pure strategies, (i0 , j0 ) ∈ X1 × X2 , every behavior
strategy of player 1, p : (i, j) 7→ pij , and every behavior strategy of player 2,
q : (i, j) 7→ qij , determine an infinite repeated game; the latter is defined as the
infinite discrete-time Markov process on X1 × X2 , with times (also called rounds)
0, 1, . . ., the initial state (i0 , j0 ) and the transition probability (i, j) 7→ pij × qij .
In the infinite repeated game corresponding to the players’ behavior strategies p and q, the expected average benefits of players 1 and 2 on round k ≥ 1
are, respectively, the expectations of the random variables ((i0 , j0 ), (i1 , j1 ), . . .) 7→
(ai1 j1 + . . . + aik jk )/k and ((i0 , j0 ), (i1 , j1 ), . . .) 7→ (bi1 j1 + . . . + bik jk )/k on the probability space of the repeated game’s trajectories ((i0 , j0 ), (i1 , j1 ), . . .). Using properties of finite-state Markov processes (see [1]), one can show that the expected
average benefits of players 1 and 2 on round k converge to some limits, which we
denote, respectively, J1 (p, q) and J2 (p, q), as k → ∞; J1 (p, q) and J2 (p, q) represent
the expected average benefits of, respectively, players 1 and 2 in the infinite repeated
game corresponding to the players’ behavior strategies p and q.
Let players 1 and 2 be allowed to choose their behavior strategies within given
sets of admissible behavior strategies, S1 and S2 , respectively. In this situation
each player is interested in choosing his/her admissible behavior strategy so as to
maximize his/her expected average benefit. A game-theoretic interpretation of that
is a behavior game, in which the actions (strategies) of players 1 and 2, p and q,
vary within S1 and S2 , respectively, and the benefit functions for players 1 and 2
are (p, q) 7→ J1 (p, q) and (p, q) 7→ J2 (p, q), respectively.
3. Consider the issue of the existence of a Nash equilibrium in the behavior game.
Following a standard game-theoretical definition, we call a pair (p∗ , q ∗ ) ∈ S1 × S2
to be a Nash equilibrium (in the behavior game) if p∗ maximizes p 7→ J1 (p, q ∗ ) on
S1 and q ∗ maximizes q 7→ J2 (p∗ , q) on S2 .
Let us give several definitions. We shall say that S1 (respectively, S2 ) is strictly
randomized if every p ∈ S1 (respectively, every q ∈ S2 ) takes values in the set of all
strictly mixed strategies of player 1 (respectively, player 2).
We shall say that S1 (respectively, S2 ) is parallepipedally convex if for every
(1)
p , p(2) ∈ P (respectively, q (1) , q (2) ∈ Q) and every family (λij )(i,j)∈X1 ×X2 in [0, 1]
(1)

(2)

(1)

(2)

the map (i, j) 7→ λij pij + (1 − λij )pij (respectively, (i, j) 7→ λij qij + (1 − λij )qij )
lies in P (respectively, in Q).
We shall say that S1 (respectively, S2 ) is closed if Π(i,j)∈X1 ×X2 {pij : p ∈ P } is
closed in (Rn )nm (respectively, Π(i,j)∈X1 ×X2 {qij : q ∈ Q}) is closed in (Rm )nm ).
Our existence theorem reads as follows.

Theorem 1. Let S1 and S2 be strictly randomized, parallelepipedally convex
and closed. Then the behavior game has a Nash equilibrium.
4. Consider a situation where players 1 and 2 dominated by historically justified
’traditional’ behavior paradigms explore if small ’innovations’ in their ’traditional’
behaviors can improve their performance in the long run.
Let each player have two pure strategies in the original bimatrix game, i.e., X1 =
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X2 = {1, 2}, and the latter bimatrix game have the single mixed equilibrium; then,
with no loss in generality (see [12]), we set a11 > a21 , a22 > a12 , b12 > b11 , b21 >
b22 . Let the players’ ’traditional’ behavior be ’reply best to the opponent’s latest
action’. Therefore, traditionally, in each round each player chooses his/her pure
strategy that brings him/her the maximal benefit provided the other player repeats
his/her pure strategy used in the previous round. For player 1, that behavior is
easily formalized as the deterministic behavior strategy p0 such that p0i1 = (1, 0),
p0i2 = (0, 1) (i = 1, 2); and for player 2 as the deterministic behavior strategy q 0 such
0 = (0, 1), q 0 = (1, 0) (j = 1, 2). We call p0 and q 0 the best reply strategies
that q1j
2j
of players 1 and 2, respectively. The infinite repeated game corresponding to the
players’ best reply strategies will be called the best reply repeated game.
Now let us allow each player to slightly deviate from his/her ’traditional’ behavior, namely, to give a small probability for choosing, in each round, his pure
strategy that does not reply best to the opponent’s pure strategy realized in the
previous round. We call a player’s behavior strategy that describes such type of behavior the player’s ε-best reply strategy. More specifically, given a small ε > 0, we
define the ε-best reply strategy of player 1, p, by pi1 = (1 − ε1 , ε1 ), pi2 = (ε2 , 1 − ε2 )
(i = 1, 2) with arbitrary nonnegative ε1 , ε2 ≤ ε; and we define the ε-best reply
strategy of player 2, q, by q1j = (ε1 , 1 − ε1 ), q2j = (1 − ε2 , ε2 ) (j = 1, 2) with
arbitrary nonnegative ε1 , ε2 ≤ ε.
Let the players’ admissible behavior strategies be his/her ε-best reply strategies;
in this way we define S1 and S2 – see section 2. We call the above defined behavior
game the 2 × 2 ε-best reply one.
Note that S1 and S2 include the deterministic best reply strategies; therefore,
S1 and S2 are not strictly randomized (see section 3). Consequently, for the 2 × 2
ε0 -best reply behavior game, the conditions sufficient for the existence of a Nash
equilibrium, given in Theorem 1, do not hold. The next theorem states the existence
and structure of the Nash equilibrium in the 2 × 2 ε0 -best reply behavior game.
Theorem 2. Let a12 6= a21 , b11 6= b22 and ε be sufficiently small. Then the
following statements hold true:
(i) the 2 × 2 ε-best reply behavior game has the single Nash equilibrium (p∗ , q ∗ );
(ii) p∗i1 = (1, 0), p∗i2 = (ε, 1 − ε) if a12 > a21 , and p∗i1 = (1 − ε, ε), p∗i2 = (0, 1)
(i = 1, 2) if a12 < a21 (i = 1, 2);
∗
∗
∗ = (ε, 1 − ε), q ∗ = (1, 0) if b
(iii) q1j
11 > b22 , and q1j = (0, 1), q2j = (1 − ε, ε)
2j
if b11 < b22 (j = 1, 2).
Thus, the equilibrium behavior strategies differ from the ’traditional’ deterministic ones and have necessarily non-trivial stochastic components. A substantial
interpretation can be the following: as soon as the players realize that they are allowed to introduce stochastic perturbations in their ’traditional’ deterministic best
reply behaviors, they get a motivation to change their ’traditional’ deterministic
behaviors to the equilibrium stochastic ones that are more favorable for both of
them.
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